Abstract. This paper is concerned with the following Schrödinger equation:
INTRODUCTION
In this paper, we consider the semilinear Schrödinger equation:
where V : R N → R is a potential and f : R N × R → R is a nonlinear coupling which is superlinear as |u| → ∞. Note that, if V (x) is periodic in x, then the operator − + V has purely continuous spectrum σ(− + V ) which is bounded below and consists of closed disjoint intervals ([17, Theorem XIII.100]). As we know, the nonlinear Schrödinger equation with periodic potential and nonlinearities has been widely investigated in the literature over the past several decades for both its importance in applications and mathematical interest. There are many results on the existence and multiplicity of solutions for problem (1.1) depending on the location of 0 in σ(A), see, e.g. [1, 2, 3, 4, 9, 10, 11, 13, 14, 15, 16, 18, 19, 20, 22, 23, 24, 25, 26, 29, 30, 31, 32] and the references therein.
For the case of 0 < σ(A), Coti-zelati and Rabinowitz proved in [32] the existence of infinitely many solutions with f ∈ C 2 and the classic Ambrosetti-Rabinowitz superquadratic condition. In [11] , under a general superlinear assumption and monotone condition on f , Li, Wang and Zeng obtained the existence of ground state solutions by concentration compactness argument. We also refer the reader to [4, 12, 15, 19, 23, 27] and the reference therein where the condition (AR) was replaced by more general superlinear conditions.
For the case that 0 lies in a spectral gap of σ(A), the interest in the study of various qualitative properties of the solutions has steadily increased in recent years. In [7] , relying on a degree theory and a linking-type argument developed there, Kryszeuski and Szulkin obtained a nontrival solution under condition (AR) and infinitely many geometrically distinct nontrival solutions with additional locally Lipschitzian assumption on f (see (A8) in [7] ). The stronger results to be those of Szulkin and Weth [22] , following the approach of Pankov [14] , they proved the existence of ground state solutions of Nehai-Pankov type with the Nehari type assumption, i.e.,
|t| is strictly increasing on (−∞, 0) ∪ (0, ∞). In [30] , Yang obtained a least energy solution by using a different method (based on the approach of [20] ). Liu [9] improved the result of Szulkin and Weth [22] by relaxing (Ne) to a weaker version, i.e.,
|t| is non-decreasing on (−∞, 0) ∪ (0, ∞). In recent paper of the author [24] , (WN) was weaken to the following more generic condition (S4) and the least energy solution was established there.
(S4) There exists θ 0 ∈ (0, 1) such that
To our best knowledge, there are only several papers deal with the case that 0 is a boundary point of the spectrum σ(A). In [2] , Bartsch and Ding obtained a nontrival solution with condition (AR). Later, this result was improved by Willem and Zou in [29] by using an improved generalized weak link theorem. In [31] , Yang et al. proved the existence of a nontrivial solution for (1.1) with (Ne) and the following condition (F), which seems to be necessary to obtain the existence of one weak solution of (1.1) in [2, 29, 31] .
(F) There exist constants c 0 > 0, 2 < μ < 2 * such that
However, (F) is a severe restriction, since it strictly controls the growth of f (x, t) as |t| → ∞. There are much functions which are superlinear at both zero and infinity, but do not satisfy the condition (F). For example f (x, t) = at|t| α−2 ln(1 + |t| 1/N ) with a > 0 and α ∈ (2, 2 * − 1/N ). In recent paper [25] , Tang weakened (F) to a milder condition and obtained a least energy solution with (S4). A related result can be found in [13] . In author's recent paper [16] , infinitely many large energy solutions was obtained with a weaker condition than (WN).
Motivated by above works, in the present paper, we will continue to study the existence of nontrivial solutions with mild assumptions on nonlinearity. More precisely, we introduce the following assumptions: 
|t| 2 = ∞, a.e. x ∈ R N ; Proof of the main result are based on variational methods applied to the following functional,
and a standard argument shows that the critical points of Φ are weak solutions of (1.1). Under assumption (V1),
. Setting H − := P 0 H and H + := (id − P 0 )H, where (P λ ) λ∈R : H → H denote the spectral family of A, then we have the orthogonal decomposition
2 ) be equipped with the inner product
⊂ E and we have the decomposition [2] ). Now, we are ready to state the main results of this paper. The proof of theorem 1.2 is analogous to theorem 1.1 by working with −Φ instead of Φ. [24] is weaker and unifies condition (WN), (Ne), (AR) and the following weaker version of (AR):
Remark 1.3. Condition (V2) implies that V cannot be constant. The new condition (S4) firstly introduced by Tang
We point out that the assumption "strictly increasing" in (Ne) is very crucial in the argument of Szulkin and Weth [22] and the idea of monotone trick was firstly introduced by [19] . Later, it is developed by Jeanjean [6] for Landesman-Lazer type problems in R N and Zou et al. [20, 29] for strongly indefinite problem. We emphasize that in [31] , Yang et al. used a generalized linking theorem established in [20] and considered a family of perturbed functionals
To our knowledge, this approach is not very satisfactory, because working with a family of perturbed functionals makes things unnecessary complicated. In the present paper, we no longer use monotonicity trick since without the condition (WN) or (Ne). The main ingredient in our approach is the observation that: although energy functional may possess unbounded Palais-Smale sequences, we will prove all Cerami sequences for the energy functional are bounded and establish the existence of nontrivial solutions with a new super-quadratic condition. Before proceeding to the proof of Theorem 1.1, we give two nonlinear examples to illustrate the assumptions.
One can easily verify that the above functions f satisfy (S1)-(S4), but not (F).
It is not difficult to verify that the above function f satisfies (S4) with θ 0 = 1/10.
Nevertheless, it satisfies neither (WN) nor (WAR).
This paper is organized as follows. In Section 2, some preliminary results are presented. The proof of main results is given in the last Section.
PRELIMINARIES Throughout this paper, we denote by
Since the spectrum of A restricted on H + is contained in (β, +∞), the norm · is equivalent to the
But it is not true on H 1 (R N ) ∩ H − because of 0 ∈ σ(A) as a right end point of σ(A), thus the norm · is weaker than H 1 (R N ) norm and
is not well defined due to our assumption on f (x, u).
To solve this problem, we set
Since the spectrum of A restricted on E m is bounded away from 0, the norm · is equivalent to the H 1 (R N ) norm on E m , i.e., there exist positive constants c 1 , c 2 such that
Denote orthogonal projection as follows: 
and (2.8)
where and in the sequel Ψ(u) :
and (2.10)
The following generalized linking theorem plays an important role in proving our main results.
Let X be a Hilbert space with X = X − ⊕ X + and X − ⊥ X + . For a functional ϕ ∈ C 1 (X, R), ϕ is said to be weakly sequentially lower semi-continuous if for any u n u in X one has ϕ(u) ≤ lim inf n→∞ ϕ(u n ), and ϕ is said to be weakly sequentially continuous if 
Suppose that the following assumptions are satisfied:
is bounded from below and weakly sequentially lower semicontinuous; (I2) ψ is weakly sequentially continuous; (I3) there exist r > ρ > 0 and e ∈ X + with e = 1 such that
where
Then for some c ≥ κ, there exists a sequence {u n } ⊂ X satisfying
Such a sequence is called a Cerami sequence on the level c, or a (C) c sequence.

Lemma 2.2. Suppose that (S1) and (S2) are satisfied. Then for any m ∈ N, Ψ m is nonnegative, weakly sequentially lower semi-continuous, and Ψ m is weakly continuous.
By (2.4) and using Sobolev's imbedding theorem, one can checks easily the above lemma, so we omit the proof.
Lemma 2.3.
Suppose that (V1), (V2), (S1) and (S2) are satisfied. Then for any m ∈ N, there is a ρ > 0 such that κ : 
Arguing indirectly, assume that for some sequence {w n + s n e} ⊂ E − m ⊕ Re with w n + s n e → ∞, there exist m ∈ N and M > 0 such that
Passing to a subsequence, we may assume that
Ift = 0, then it follows from (S1) and (2.11) that
which yields v − n → 0, and so 1 = v n → 0, a contradiction. Ift = 0, then v = 0, it follows from (S3), (2.11) and Fatou's lemma that
Applying Lemmas 2.1-2.4, we obtain the following lemma. 
The following lemma is very crucial to demonstrate the boundedness of (C) c sequence.
Lemma 2.6. ([24, Lemma 2.3]).
Suppose that (V1), (V2), (S1), (S2) and (S4) are satisfied. Then 
Lemma 2.8. Suppose that (V1), (V2) and (S1)-(S4) are satisfied. Then for any sequence {u n } ⊂ E m satisfying
Proof. To prove the boundedness of {u n }, arguing by contradiction, suppose that u n → ∞. Let v n = u n / u n , then v n = 1. Passing to a subsequence, we may assume that v n v in E. By Lemma 2.7,
By (S1) and (S2), for any ε > 0, there exists C ε > 0 such that
By (2.1), (2.2) and (2.4), for any r > 0,
and (2.19)
since ε is chosen arbitrarily. Let t n = r/ u n . By (2.12), (2.18), (2.19) and Lemma 2.6, one has (2.20)
which leads to a contradiction if we take r big enough. Thus δ > 0.
Going to a subsequence if necessary, we may assume the existence of
Since V (x) is periodic, we have w n = v n = 1. Passing to a subsequence, we have
* and w n → w a.e. on R N . Obviously, (2.21) implies that w + = 0 and w = 0. Now we definẽ u n (x) = u n (x + k n ), thenũ n / u n = w n → w a.e. on R N . For x ∈ {y ∈ R N : w(y) = 0}, we have lim n→∞ũn (x) = ∞. Hence, it follows from (2.7), (2.15), (S3) and Fatou's lemma that
This contradiction shows that { u n } n is bounded.
Lemma 2.9. Suppose that (V1), (V2) and (S1)-(S4) are satisfied. Then there
Proof. For any fixed m ∈ N, Lemma 2.5 implies the existence of a sequence {u n } ⊂ E m satisfying (2.12). By Lemma 2.8, {u n } is bounded in E. If
Then by (2.4) and Lions's concentration compactness principle [8] or [28, Lemma 
By (2.7), (2.8), (2.12) and (2.23), one can get that
which is a contradiction. Thus δ > 0.
Going if necessary to a subsequence, we may assume the existence of
Since V (x) and f (x, u) are periodic in x, we have v n = u n and
Passing to a subsequence, we have 
Then by (2.27), (2.28) and Fatou's lemma, one has (2.29)
This shows (2.22) holds.
PROOF OF MAIN RESULTS
Lemma 3.1. Suppose that (V1), (V2) and (S1)-(S4) are satisfied. Then the sequence {v m } obtained in Lemma 2.9 is bounded in E μ .
This shows that c 0 ≥ κ 0 > 0.
By (S1), (2.8) and (3.1), we have Observe that (3.12)
Then, by (3.1) and (3.11), taking limit m → ∞ in (3.12), we get
This implies, by Lemma 3.2, that v is a nontrivial solution of problem (1.1). By a similar argument as (3.6) with v m replaced by v, we can prove that Φ(v) ≥ κ 0 .
